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FOREWORD
This report presents the work performed by Applied Dynamics
Research Corporation under Contract NAS8-28513 for the Marshall Space
Flight Center of NASA. Mr. Larry Kiefling, S&E-AERO-DDS is the
technical monitor.
SUMMARY
An analysis of dynamic test data from vibration testing of a num-
ber of aerospace vehicles is made to develop an empirical structural
damping law. A systematic attempt is made to fit dissipated energy/
cycle to combinations of all dynamic variables. The best-fit laws for
bending, torsion and longitudinal motion are given, with error bounds.
A discussion and estimate are made of error sources. Programs are
developed for predicting equivalent linear structural damping coefficient
and finding the response of nonlinearly damped structures.
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Section 1
INTRODUCTION
A number of full scale dynamic tests on aerospace vehicles have
been made which produced enough data for the calculation of damping
properties. Some preliminary analyses of the data (Ref. 1 and 2) indi-
cated a correlation between dissipated energy per cycle and the total
vibratory energy of the vehicle. Based on the success of these analyses,
and a number of suggestions proposed (e. g., Ref. 3) on other parameters
which might influence damping, a comprehensive study was made to
determine an empirical damping law.
Dissipated energy/cycle was selected as the physical quantity
which provides the best measure of damping. Damping in a complicated
structure is a combination of a number of types of phenomena, and is
often nonlinear. When an elastic structure is excited periodically, a
steady-state situation is reached when the rate of energy dissipation
through the damping mechanisms becomes equal to the rate of work put
into the system by the excitation force. The rate of work can be calcu-
lated independently of the type of damping, and is therefore chosen as the
logical dependent variable for an investigation of structural damping.
The work done, per cycle of vibration, can be calculated as
follows: Let
1
f(t) = F sin w t
denote the exciting force, and
XE = XE sin (c t+ 0
be the displacement at the point of application of the force. Here, o is
the frequency of the excitation force, and 0 is the phase angle of
the response, relative to the phase of the excitation.
The work per cycle, W, is then by definition
2-.
W = f(t) xEdt
= 7rFXE sin 0
At resonance, 0 = n/2. Thus,
W 7rFXE (1)
which, from the previous discussion may be set equal to the energy
dissipated per cycle, D:
D = 7rFXE (Z)
An alternate method of calculating D can also be used, based on
the value of the equivalent linear damping coefficient 5. The damping
at a particular modal amplitude is described by this quantity, although
it will not be valid at other amplitudes if the structure is nonlinear. The
dissipated energy is then given by
D = 47r T (3)
where T is the maximum kinetic energy.
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Dissipated energy was calculated from both formulas when suffi-
cient information was available. A comparison of the two values provided
a measure of the accuracy of some of the basic data used.
The data available for this study included the results of a number
of full scale dynamic tests on space vehicles, as well as the results of
tests on a Boeing 747 prototype. These tests were performed to deter-
mine natural modes and frequencies of these vehicles. Most tests of
this sort were not run with the intent of obtaining nonlinear damping data.
Therefore, as far as this program is concerned, useable damping data
were relatively limited. In addition, the accuracy of some of the damping
data produced is poorer than the accuracy of the frequency determination
alone, which generally was the main purpose of the experimentation.
Most of the tests were run on Saturn vehicles, and an evolution through
the years of increased accuracy of methods for determining the dynamic
parameters is seen.
A considerable attempt was made to locate data on dynamic
analyses of solid-fueled rockets which might be most applicable to the
space shuttle. This attempt, however, was unsuccessful. As far as
could be determined, the data were unavailable.
The data available for this study comprise the results of the
tests given in Table 1. Altogether, there are 15 tests representing seven
structures. Five of the structures are configurations or stages of the
3
Saturn V. The Saturn I tests were run in 1964. Damping constants were
available for some of the modes from ringout decay tests. This data was
not considered too reliable due to the beating phenomenon which frequently
occurred. Generalized mass was obtained by measuring the bandwidth of
the half-power point on resonance peaks of the amplitude/frequency curves.
The S-IVB tests were run in 1965-66. Generalized mass was found
from the mode shape and mass distribution and also from a complex curve-
fit for the amplitude of the response curve. Damping values were obtained
from bandwidth and phase angle methods, and, for some tests, from a
complex curve-fit technique.
The Saturn V tests were performed in 1966-67, and represent a
well-documented and more accurate effort. Generalized masses and
damping constants were found from complex curve-fit techniques.
The Boeing 747 tests were performed in 1969. Dynamic proper-
ties were determined from complex admittance (acceleration divided by
force) plots in polar coordinates, following the method of Kennedy and
Pancu (Ref. 4).
The first indication of the existence of an empirical damping law
arose from analysis of the Saturn I data (Ref. 1). In this analysis, 118
data points were used. The reason for elimination of the remaining data
is not known. The missing data mostly consist of entire tests in the
series. Very likely, at the time of the analysis, facts were available
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indicating the unreliability of these particular tests. The conclusion
reported in Ref. 1 was that a law of the form
D = 0. 313 T 0 8 (4)
[dimensions in SI(International System) units] predicted structural damp-
ing. It was reported that 83% of the data lay within a + 2 db band of this
law. The data used was reexamined, using the methods of the present
study. It was found that the law was not quite so good as reported. The
best law for the S-I data was found to be
D = 0.350 T 0 7 2
with 75% of the data within a + 2 db band. This result still is encouraging
for the existence of a structural damping law.
Based on the S-I analysis, Kiefling and Pack (Ref. 2) analyzed
samples of data points from the Saturn V and the S-IVB tests. From
these tests, data on torsional and longitudinal vibrations were also avail-
able. The results reported in Ref. 2 indicated that the law (4) predicted
damping in bending quite well for these structures. As a matter of fact,
the plotted results in Ref. 2 indicate that 89% of the data fall within a
+ 2 db band.
For torsional vibrations a law of the form
D = 0.34 T 0 80
is reported in Ref. 2, with 67% of the data within a + 2 db band. The
results for longitudinal vibrations are reported as inconclusive.
5
In Ref. 5, Riley took vibration data from a Boeing 747 airplane
and applied the Chang law (Eq. 4). He found that this law correctly pre-
dicted damping to within + 2 db for 75% of the data.
While the accuracy of the law, based on these preliminary studies,
is not all that might be hoped for (+ 2 db represents a + 50% and - 37%
error in D), yet it represents a remarkable correlation. A wide variety
of vehicles are included (single tank, multi-tank and winged) and a five-
decade range of energy levels. Taking into consideration the fact that
dissipated energy is an overall quantity, depending on an unknown variety
and number of damping mechanisms acting within each structure, it
therefore appears that an investigation to uncover a damping law is
worthwhile.
The studies reported above indicate a dependence of dissipated
energy on total vibration energy. Other suggestions have been made that
frequency o may have some influence. In Ref. 3, it is reported that
the ratio of amplitude x to some characteristic vehicle length L gives
good correlation for certain cases.
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Section 2
SCOPE AND METHOD OF THE INVESTIGATION
In order not to exclude any possible empirical laws, dependency
on almost all variables available from dynamic testing was investigated.
In addition, all possible combinations of these variables were tried. The
variables used, together with their units in the SI system, are
T -- kinetic energy (Newton-meters)
X -- mode shape amplitude (meters)
-- frequency (rad/sec)
m -- generalized mass (kilograms)
X/L -- amplitude/length
These quantities are not all independent, since the kinetic energy
is given by
T = (1/Z)mco2X2 (5)
Correlations were sought for three cases: transverse bending,
torsion., and longitudinal motion. The length L, in the last of the inde-
pendent variables, was chosen to be the length of the structure in the
case of bending and longitudinal motion, and maximum radius for the
case of torsion.
Equation (4) for the empirical damping law is not independent of
the dimensional units of the variables. - Some effort was made to find a
satisfactory nondimensional formulation. The effort, however, was
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unsuccessful. Therefore, for the sake of uniformity, and to conform
with current standards, all units were converted to the SI system.
The energy levels in these tests covered a five-decade range.
Based on the preliminary analyses, a law was sought of the form
D = CP1 lal p2a2 3a3 (6)
where C, a1, aZ, a3 are constants to be determined, and P 1 , P 2, P 3
are independent parameters.
Taking the natural logarithm of both sides, we have
d = in D = c + a
l
p
1
+ a2 p 2 + a 3P 3 (7)
where
c =lnC
PI' PZ' P3 ln (PI1 Pz' P 3)
The least-squares criterion was used to find the constants. Let
the data points determined from the tests be denoted by a superscripted
bar. Then the error, E, is given by the expression
n
E = (c + alli, + a 2 2i, + a3 P 3 i ) (8)
i=i
where
di = in Di
Plia PZih P3i = In (Plio PZi, P3i)
and the summation is over N data points.
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We note that on a log-log scale the sought-after empirical law is
a straight line. The optimal values of C, a 1 , a 2, a 3 are found from the
equations for minimizing E:
aE aE aE aE
ac aa 1 aa 2 aa 3
Upon substitution of (8) into (9), we have
(c + al-Ii + aj2i + a 3 P3i - di) 0
E Pli (c + alli + a 2 pZ i +-a3 3i - di) =
(10)
E 2i (c + alPli + azP2 i + a3-3i d i) = 
CP3i (c + alPi + aZP2 i + a3 3i - i) 0
The simultaneous solution of these equations yields the best-fit values
of C, a 1 , a Z , a 3 .
The following formulas were used in searching for a best fit:
D = C Tal
D = C Xn a l
D = Coal
D = Cmal
D = CmalXaZ
D = CmalwaZ (11)
9
D = C X a l a Z
D = C T a l(X/L) a Z
D = Cmla waZXa 3
D = Cmalca2(x/L)a3
D = C1 + CT + C 3 T 2
A program was written for the digital computer (an XDS 930) which
performed the least-squares analysis and calculated the error of the final
result. The program performed several functions. Data in a number of
dimensional units were read into the program and converted into SI units.
Dissipation energy and maximum kinetic energy were calculated. Each of
the formulas (11) was used with the least-squares criteria (10), and best-
fit values for the unknown constants found. Finally, the error was calcu-
lated by finding the percentage of data points which fell within + 1 db,
+ 2 db, + 3 db, and + 4 db bands of the empirical law. A listing of the
program is given in Appendix B.
As mentioned previously, there are two ways to calculate D.
Equation (2) is the preferred way, since it is a direct calculation involving
measured dynamic parameters. However, measurements of the ampli-
tude at the location of the excitation force may be inaccurate due to the
small magnitude there. For those tests where the damping constant was
available, the dissipated energy was calculated according to both equa-
tions (2) and (3). For each test, the computer program was used to find
?
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the best-fit law of the form
D=CTn
and the scatter calculated (percentage of data points varying by + 1 db,
+ 2 db, + 3 db, + 4 db). In this way, an empirical measure of the accuracy
of both formulations could be gauged. This subject will be more fully dis-
cussed in a subsequent section on error analysis. The conclusion reached
was that the calculation of D from equation (3) was generally more accu-
rate. This was markedly noticeable for the S-IVB tests, and to a much
lesser extent the case for the S-V tests.
In the Saturn V series of tests, dynamic parameters were meas-
ured in two types of tests. The primary test, conducted to find the dynamic
parameters, was a frequency sweep test. An additional test run was a
force level test, mostly for the purpose of checking linearity of response
over a range of excitation forces. The results of this test, however, did
supply sufficient information to calculate the dynamic parameters. In
the force level tests, responses were found at a large number of vehicle
locations for three force levels. The maximum level was approximately
the same as in the frequency sweep test. For this magnitude of force,
the results of the two types of test were compared for consistency.
The results of the force level test were potentially quite valuable,
since it presented an opportunity to determine damping in a situation
where all but one parameter remained constant. However, for the
11
torsional and longitudinal tests, there was poor correlation between the
force level tests and the frequency sweep tests for the same excitation
force. In addition, the scatter was quite large. Therefore, the force
level tests for torsion and longitudinal motion were not used in this
analysis.
?
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Section 3
RESULTS
The results are given in Tables 2-5, which cover bending, torsion
and longitudinal motion. Each table gives the damping laws which fit the
data best, for each of the formulations tried from equations (11). The
scatter is given by the percentage of data points falling within + 1 db,
+ 2 db, + 3 db, and + 4 db bands around the basic law. Figures 1-4 show
the data as a function of kinetic energy, with the line representing the
damping law.
The laws for bending represent an analysis of 330 data points,
much more than the results for torsion or longitudinal motion. For this
reason, it is felt the results are more accurate and likely to be of general
application. The conclusion derived from Table 2 is that a law of the
form
0. 746D = 0.286 T (12)
describes the damping energy of a large class of aerospace structures.
Figure 1 illustrates the fit of this law to the data.
Of the 330 bending data points, 196 or 60% are associated with
Test No. 1. Therefore, the damping law (12) may be biased by the
inclusion of this data. For this reason, an alternate damping law for
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bending was derived, based on tests 2, 5, 8, 11, 13 and 15. The law
derived was
D = 0.153 T 0 .893 (13)
with 71% of the data falling within a + 2 db band. The results of the in-
vestigation are given in Table 3. Figure 2 illustrates this law.
It is interesting to note that when a damping law was sought of the
form
D = CmaloaZXa3
the law which fits the data best produced the approximate relationship
a 3 X 2a 1
That is, the quantity mX 2 influences the damping. A glance at Tables 2, 3,
4 and 5 reveals this is true for bending, torsion and longitudinal motion.
Although a law of this form gave the best fit to the data, it was not
significantly better than the simpler law (12)--not enough to recommend
its use.
For torsional vibration, the best law was found to be
D = 0. 095m 1.01co2. 69X2. 33
with 81% of the data falling within a + 2 db band. The law
D = 0. 101T 1 ' 27 9 (14)
had a 63% accuracy for + 2 db. While the former law shows a better fit,
it should be borne in mind that the total number of data points is only 26,
9,
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so that a small uncertainty in the five points which lie just outside the
+ 2 db band (see Fig. 3) would change 63% accuracy to 81% accuracy.
The law for torsion is less reliable than the bending law, since
it represents an analysis of only 26 points, all relating to configurations
of the Saturn V. It is noteworthy that the law (14) for torsion has an
exponent greater than unity, implying damping ratio increasing with
amplitude. This is the reverse of the situation for bending.
For longitudinal vibration, the best law was found to be
D = 0. 0002m1 2 5 9 o03. 3 1 5 X 2 . 4 0 5 (15)
with 77% of the data falling within a + 2 db band. The law
D =0. 057T 10 4 (16)
had a 67% accuracy for + 2 db. Here, the number of data points is 39,
all representing the Saturn V with and without the SI-C stage. Figure 4
reveals that a small uncertainty in the, data could give as much as 77%
accuracy for the law (16)
Again, the law for longitudinal motion has an exponent greater
than one.
2
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Section 4
ERROR ANALYSIS
One cannot help noticing that the empirical laws shown in Figures
2-5 are subject to a considerable degree of scatter. The natural question
to ask is how much accuracy can be inherently expected from the data
generated. The tests were not primarily designed for the purpose of
measuring dissipated energy, and a careful look at the origins and accu-
racy of the dynamic parameters is therefore in order.
The quantities plotted in Figures 2-5 are derived from the formulas
T = (1/2)mw2 X 2 (5)
and
D = 47r~T (3)
or
D = rFXE (2)
First, it is necessary to derive expressions for the error in the
derived quantities T and D propagated from the independently determined
quantities m, a, X, XE, , F. Of course, some of these quantities
themselves are derived from other independently determined variables.
In general, if there is a continuously differentiable function
U = U(x, y, z)
9
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and x, y, z are replaced by their approximate values
X=x+ ex
Y= Y+ eyY
z = z + Ez=z+Zz
where ex, ey, ez are the errors in x, y, z, then the error in U is e
u
given by (Ref. 17)
aDU aU aU
ax ay az (17)
Applying equation (17) to formulas (2), (3) and (5), we have the
following expressions for relative error:
ET Em Ex
T- = +"+ +2- (18)
T m w x
and
-eD ET
- -= e~ + (19)D 5 T
or
eD 'EF + XE (20)
D F XE
Thus, if some measure can be assigned to the errors of the
independent variables (independent with respect to T and D), then the
errors in T and D are known.
Of the several series of dynamic tests, the Boeing tests on the
Saturn V (tests nos. 2-10) are the best documented and, at least on the
basis of currently available information, the most accurate. The
accuracy of these tests is discussed below.
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For many of the tests, the energy dissipated/cycle could be
calculated from either formula (2) or (3) independently. A comparison
of the values calculated is shown in Table 6, as a measure of accuracy.
It is seen that agreement is poor for many cases. In the bending tests,
however, cases Z, 5 and 8 (the Boeing tests) show relatively good accu-
racy. The discussion of probable error in the recorded values of dissi-
pated energy and kinetic energy will begin with the Saturn V tests in
bending.
For the Saturn V bending tests, References (18) and (19) provide
a source for estimation of errors. Errors accumulate from sensor cali-
bration, instrument resolution, hysteretic effects in vehicle response,
noise and scalar errors in the data acquisition system, and round-off and
approximation errors in the data reduction methods.
The Boeing tests incorporated a number of accuracy-correction
techniques. Calibration curves for the amplitude and phase of each sensor
were determined and used in the data reduction system to modify the final
output. In addition, on- site calibration was periodically performed to
check drift and malfunction. A Fourier analysis was performed on the
response to remove noise and harmonic content. The output data (in the
form of transfer functions for each sensor) is curve-fitted to yield the
dynamic parameters.
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The measurement of force was subject to two sources of error.
It is not possible to assign a value to the error, which could have been
important in the evaluation of dissipated energy for those cases where
formula (2) was used.
Misalignment of the load cell can cause significant error in the
force reading. Misalignment will occur to some extent because of the
bending curvature of the structure as it undergoes deformation. A second
cause of misalignment is due to the out-of-plane motion of the structure.
Since the excitation was not applied in a principal plane, the vehicle re-
sponse was at an angle with respect to the force. Therefore, the axis of
the load cell may suffer misorientation and show only a component of the
applied force. This component will generally be quite small. However,
the out-of-plane component can cause a moment acting on the load cell,
depending on its displacement from the shaker, which is a potentially
more serious cause of error.
Another source of error is due to the mass of the shaker armature
causing an effective inertial force showing up in the load cell readings.
The total test system should properly be considered to be the test vehicle
plus the shaker armature. A mass compensation procedure should be
performed to eliminate the effect of the additional mass. No indication
was found in the documentation that this procedure was used. An example
of the possible error from this cause is as follows.
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For the Boeing tests, a 20,000 lb. (88,965 N) thruster system was
used. A system of this magnitude uses about a 350 lb. (159 kg. ) arma-
ture. For a frequency of 8.69 Hz, and a thruster travel of 5. 35x10- 4 m.,
the corresponding inertial force is 253 N. This compares to a measured
force of 5791 N, or a 4. 4% error. It is therefore possible, especially at
the higher frequencies, that lack of mass compensation could be a signifi-
cant source of error in the force measurements.
One of the principal objects of the dynamic tests was to determine
modal natural frequencies. It is to be expected, therefore, that the accu-
racy associated with this quantity is relatively good. There are several
sources of error: 1. Numerical error associated with the curve-fit
procedure. In Reference (18) an error analysis of the curve-fit technique
is performed. For the one example given, the error in amplitude varies
from 0.1-0. 7% over the frequency range. 2. The possibility of a double
peak in the vicinity of the resonant frequency. This effect is due to the
fact that the excitation is not applied in a principal plane, and therefore
the response is a summation of motion in two planes, each of which may
have a slightly different peak due to asymmetry of the vehicle. In this
case, as pointed out in Reference (19), the curve-fit method will not
separate modes closer than 1% in frequency.
From the above discussion, a value of 1.5% is assigned, in a
purely estimatory manner, as a typical error to associate with
9
20
experimental frequency values. Sensor inaccuracy may have little effect
on frequency, since only the location of an amplitude peak is sought, and
not its value.
Errors associated with X (response amplitude) are influenced by
sensor error and data acquisition and reduction error. The sensor error
depends on the response magnitude. According to Reference (19), sensor
error averaged 5% for measurements at 1% of full scale, while for full
scale measurements, they averaged 1%.
A check of the accuracy for determination of response amplitude
X comes from comparison of the results of the frequency sweep tests
with the force level tests. The force level tests were conducted as a
check on the linearity of response as a function of force. The force levels
of the frequency sweep tests were approximately reproduced, as well as
two lower levels, and responses at these values recorded. Obviously,
we expect agreement between the two tests at the same level. Compari-
son of the results of the two tests reveals that the average agreement
for X is within 50/6.
The determination of generalized mass is subject to the greatest
inaccuracy of all the quantities making up the kinetic energy. This quan-
tity is derived from the curve-fit technique. According to Reference (19),
comparison of generalized mass values gave agreement to within 10%.
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The modal damping values, likewise determined from curve fitting,
were found in Reference (19) to give agreement within 5%.
The above error figures may be used to give an order-of-magnitude
estimate of the error involved in the dynamic parameters of the Boeing
tests. From equations (18) and (19) it follows that the error in determina-
tion of kinetic energy is
T 0. 1 + 2(0. 015) + 2(0. 05) = 0.23 23%
T
and
D = 0. 05 + 0. 23 = 0.28 = 28%
D
This may be compared with the variation due to the + 2db bands in
Figures 1 and Z. Since the definition of a 2 db difference between two
quantities T1 and T2 is
T.db-- log T = 0.2
then it follows that 2 db corresponds to an error of +59%, -37% in T.
It is interesting to note that if we assume a Gaussian distribution
of error, and that the nominal errors estimated represent a variation
from the mean error of one standard deviation, then 68% of the data would
lie within these error bounds. This figure correlates well with the 71%
2
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of data falling within the + 2 db bands of Figure 1 and 60% of data in
Figure 2.
The Boeing tests include 38% of the data points for all the dynamic
bending tests, or 71% of all data points excluding the Saturn I data.
The other data available on the remaining dynamic tests is gener-
ally lacking in enough information to estimate the accuracy. This data
falls into three categories. Test No. 15 was a ground vibration test of
a Boeing 747 airplane. A frequency sweep was made, and frequency
determined from polar plots of complex admittance (Ref. 5). From this
plot, generalized mass and damping coefficients are also determined.
From the rather sketchy details available concerning the conduct of the
tests, no separate determination of accuracy can be made.
Tests 11 and 13 were dynamic tests of the Saturn upper stages,
performed by the Chrysler Corporation. The resonant frequencies were
determined from inspection of the response and phase angle plots. Damp-
ing coefficients were found from an average of frequency bandwidth and
phase angle methods. Generalized mass was found from integration of
mass and mode shapes, using 70 equally spaced points along the vehicle.
Not enough information was available to accurately assess the
error bounds. Inspection of the response and phase angle plots indicates
an up to 2% possible uncertainty in determining the resonance point. The
generalized mass was found from the integration method mentioned and
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compared with values found from a complex curve-fit for the amplitude
of the response curve at the nose of the vehicle. Agreement between the
two values was very poor. The integration method seemed to produce
more consistent values and was the basis for the values used in this
report. An estimated 15% error is associated with these values. The
Chrysler tests account for 11% of all data points when the Saturn I is
included, and Zl1% without the Saturn I data.
Finally, the Saturn I tests, which formed the original basis for
the Chang law, consist of 196 data points, or 59% of all data points con-
sidered. Apparently, frequencies were found from inspection of response
and phase angle plots. Generalized mass was found by integration of the
mode shapes with a lumped-mass model. Damping constants were not
used for determining dissipated energy, but rather equation (3), using
force and excitation point response measurements. Insufficient informa-
tion is available for error estimation.
Section 5
CALCULATION OF EQUIVALENT LINEAR
DAMPING COEFFICIENT
The results of the preceding section indicate that structural damp-
ing in bending can be predicted by equation (12) or (13). With less cer-
tainty, equations (14) and (16) may also be useful for predicting damping
for torsion and longitudinal motion. Damping, at a particular amplitude,
may be described by an equivalent linear damping coefficient r , given by
D
54 r T (21)
From equation (17), the coefficient for bending is
0= .0228 T-02 Z5 4
For the range of T covered in the tests (see Fig. 1), this equation gives
the variation of 5 to be
0.07> > 0. 004, for 0.01 N-m< T < 1000 N-m
For torsion, from equation (14), the coefficient is
= 0.00804 T0.279
and gives a variation over the range of T (Fig. 2) of
0. 004 < ~ < 0.029, for 0. 1 N-m < T < 100 N-m
Finally, for longitudinal motion, equation (16) gives
0= .00454 T 0 1 0 4
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with ~ varying (Fig. 3) as
0.006 < D < 0. 009, for 10 N-m < T < 1000 N-m
A small digital computer program was written to calculate for a
range of amplitudes of kinetic energy. Therefore, the results of modal
analyses of the space shuttle, or other large aerospace vehicles, can be
used to produce predicted values of 5 for further application in response
studies. A listing of the program is given in Appendix B.
26
Section 6
RESPONSE OF NONLINEARLY DAMPED STRUCTURES
The results for the equivalent linear damping coefficient, found in
the preceding section, can be used to find the complete dynamic charac-
teristics of a complex structure. We let the response at a point x of the
structure by U(x,t). Then U may be expanded into a series of modal
functions of the form
U(x, t) = qn(t) Pn(x) (22)
where
Fn(x) is a mode shape function, and
qn is the generalized coordinate corresponding to 4I.
The modal equation of motion for the n-th mode is
qn + n q n + Fn/m = Q(x) (23)
where
w,nis the natural frequency,
mn is the generalized mass,
Fn is a nonlinear function including damping, and
Qn(t) is the generalized force, written, for periodic excitation, as
Qn = Qn cos wt
The fundamental response is
27
qn(t) =7'n(w) cos (ont - On)
where On is the phase angle.
Fn is expanded into the first terms of a Fourier Series as
F n =' II cos (on
t
- r 
+
IZ sin (wnt - n )
= I1 CO (nt - n) Dn sin (ont - n )
.. nq n · (24)
2% n
where I
n
=· f F
n
sin (w n t -n) ondt
0
and D n is the energy dissipated/cycle. Substitution of equation (24) into
equation (23) gives the two equations
2 .=
qn(Wn co) + m1 = n cos On
mn.,n n
(25)
Dn = Qnsin nDn -
The peak kinetic energy/cycle, Tn, may be written in terms of qn as
T = 2qn2 2
Substitution of this equation into equations (25) and recombining gives
-1/2
~n 0[o. -o) + I1/ln' n) + (D woZ /r T' 
n n h~ n n ~nJ
~tan 0 D2it ( On2 +I 1 /mn2)
n
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If the natural frequency on does not vary significantly with response
amplitude, I l = O. Then qn and On can be found by the simultaneous solu-
tion of the nonlinear equations (Z5).
A digital computer program was written to accomplish this. The
program requires as input the dynamic modal parameters Wn, mn and the
amplitude and frequency of the applied force. It then solves equations (Z5)
iteratively through the use of Newton's method. The resulting solutions
are then used in equation (22) to find responses for arbitrary forcing
functions. A listing of the program is given in Appendix B.
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Section 7
CONCLUSIONS
This study represents a comprehensive analysis of all available
dynamic test data in an attempt to verify the existence of an empirical
law to predict structural damping in large aerospace structures. Based
on a number of previous studies, it was determined that the quantity D,
energy dissipated/cycle, was the most appropriate measure of damping.
A number of different hypotheses were checked. It was found that for
bending vibrations, the formula
D = 0. 286 T O . 7 4 6
where T is the peak kinetic energy and units are in Newton-meters
predicted damping to within + 2 db levels for 60% of the data examined.
Since more than half of the data pertained to one vehicle, another formula
D = 0.153 T0.8 9 3
was developed to fit the rest of the data within a + 2 db range for 71% of
the data points.
Formulas for torsional and longitudinal vibrations were also
found. It was found for these cases too that the best law, in the sense
of a least-squares fit, related dissipated energy to kinetic energy as an
independent parameter. The formulas found, however, differ from the
formula for dissipated energy in bending in that the exponents are greater
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than unity. Therefore, at higher energy levels, damping will increase,
in contrast with bending. A relatively small number of data points were
available for torsional and longitudinal tests, so that the validity of con-
clusions established for these cases is indeterminate.
There is a considerable amount of scatter in the D vs. T data.
The error associated with the various dynamic parameters was estimated
and an analysis made to determine the probable error in D and T. It was
found that a good part of the scatter, but still not all, could be due to
measurement, data acquisition, and numerical error.
Because of the enormity of the testing program required to come
up with just one data point, it is an unfortunate fact that not nearly enough
data are available for a reliable statistical analysis to determine a trust-
worthy damping law. This situation is complicated by the use of different
test procedures, equipment, and numerical methods, all of different de-
grees of accuracy, in different systems of units, and with different de-
grees of care in documenting. The present study, then, cannot do more
than establish a quantitative relationship of encouraging, but not definitive,
reliability.
It is recommended that the data from the recently performed
Skylab modal survey be analyzed in the manner of this study to add to the
statistical base for determination of an empirical damping law.
31
As an aid to future researchers of structural damping in large
structures, all the raw data used for the analyses in this report are given
in Appendix A, all converted to the Standard International system of units.
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Table 1
Dynamic Tests for Damping
Test Vehicle Description Type of No. Data Ref.
No. Te st Points
1 Saturn I Bending 196 1
2 Saturn V, Configuration I* Bending 19 6
3 "  Torsion 10 7
4 " I Longitudinal 11 8
5 Saturn V, Configuration II** Bending 15 9
6 " Torsion 6 10
7 " Longitudinal 21 11
Saturn V, Configuration II,
8 (MSFC C. O. 201)***' Bending 14 12
9 . Torsion 3 13
10 I " Longitudinal 7 14
S-IVB Bending 26 15
12 Torsion 6 15
13 S-IVB! SAD-202 Bending 20 16
14 Torsion 9 16
15 Boeing 747 Bending 16 5
* Configuration I consists of the entire Apollo Saturn V vehicle
** Configuration II consists of the S-II stage, S-IVB Stage, instrument
unit, and the Apollo spacecraft
*** A modified configuration II for a stronger torsional support at the
command module/service module interface.
1 These configurations consist of the S-IVB Stage, instrument unit,
and Apollo spacecraft
35
Table 2
Damping Laws for Bending
The results given include the data
from test nos. 1, 2, 5, 8, 11, 13
and 15 (330 data points)
* Does not include test 15 (X is not available from this test)
Dimensions are in SI units as follows:
D, T (Newton-meters), X (rmeters), w (radians/second), m (kilograms)
36
Percentage of data points within + 1, + 2,
+ 3, + 4 db band
+Damping Law 1 db + 2 db i 3 db + 4 db
D .286 T' 32% 60% 80% 88%
*D= 261 X ' 21 39 50 63
-1.04
D = 6 9 4 04 18 31 41 51
-091
D = 2.82 m 11 18 24 31
.593 1.020
D = 4. 31m X 133 55 73 82
D = 1485 m020 -2. 17 30 
41 51
685 -. g02
*D= 270 X202 21 37 51 63
* D = .785 T' 6 7 8 (X/L)088 33 60 79 87
671 675 1.04 x1.369 35 62 79 87
-D=.671m t X 35 62 79
.620 .646 1 . 244
*D = 261 m 2 0 (X /L) 32 56 73 84
D= .596 + .095 T - .000015 T 11 28 60 66
_~~~~~~~~~~~~~,,,,
Table 3
Damping Laws for Bending
(without Saturn I data)
The results given include the' data from
tests 2, 5, 8, 11, 13, 15 (174 points)
*Does not include test 15 (X is unavailable from this test).
Dimensions are in SI units as follows: D,T (Newton-meters),
(radians/second), m (kilograms).
X (meters),
?
.37
Percentage of data points within
+ 1-4 db band
Damping Law
+ 1 db + 2 db + 3 db + 4 db
D= .153 T' 8 9 3 45% 71% 89% 95%
*D =63.4 X. 1 9 0 22 38 53 66
D = 225 -.647 16 32 50 60
D = 16. 2 m-' 1 1 0 15 25 39 52
*D = 3. 41 m' 62 6 X 1. 015 37 63 79 88
D = 460m'0 1 2 -1.4Z 15 30 49 64
*D = 294 X' 082 -1. 103 15 35 51 63
*D = .132 T' 8 8 (X/L)-' 0 1 4 47 75 9 96
*D = .080 m 8 8 1 1.731X1.741 47 75 92 96
*D = 300 m- 8 3 5 . 8 0 7 (X/L) 1 . 5 2 9 34 58 82 90
Table 4
Damping Laws for Torsion
The results given include the data from
test nos. 3, 6, 9, 12 and 14 (26 data points)
Dimensions are in SI units as follows: D, T (Newton-meters),
X (radians), w (radians/second), m(kilogram-meters2 )
38
Percentage of Data Points within + 1, + 2, + 3, + 4 db
band of basic law
Damping Law + 1 db + 2 db + 3 db + 4 db
1.. 79
D= .101 T 2 7 9 33% 66% 85% 96%o
378
D = 870 X378 4 22 48 67
D= 13 .4 w 4 4 15 30 33
D= 95.7 m 405 19 26 33 52
.946 1.977
D = 245 m X 22 37 59 81
-.476 1.094
D = 4.94 m o 22 33 37 56
998 2. 431
D = .587 998 2.431 22 52 56 67
D= .934 T1 1 1 (X/L)'1 5 0 29 74 93 100
1.01 2. 69 2. 33D = . 095 m2.69 2.33 37 81 93 100
.588 2. 573 1. 456
D= 4.77 m 5 7 3 (X/L) 41 78 96 100
2
D= -.524 + .333 T - .0013 T 37 59 63 70
Table 5
Damping Laws for Longitudinal Motion
The results given include the data from test nos.
4, 7 and 10 (39 data points)
Dimensions are: D, T (Newton-meters), X (meters), o(radians/second),
m (kilograms)
39
Percentage of Data Points within + 1, + 2, + 3,
+ 4 db band of basic law
Damping Law + 1 db + 2 db 3 db +4 db
D = .057 T 1
'
104 41% 67% 90% 100%
192
D = 269 X' 13 23 44 51
D = 235, 930 1 380 15 38 49 56
D = .993 m 13 26 38 49
D = 25. 1 m 847 X 1. 537 38 59 72 77
D = 42, 108 m 159 262 18 31 49 54
158 -2. 433
D = 590, 740 X' -2433 18 36 51 56
D = .0084 T (X/L)- 133 49 74 82 100
1.259 3. 315 2. 405 54 77 92 100
D = .0002 m 54 379 145 26 59 79 82
D= 58.37 m 23 2145 26 59 79 82
Table 6
Comparison of Dissipated Energy Values
Test No. No.I Data PAverage percent difference for
Test No. No. Data Pts. D calculated two ways*D calculated two ways*
B ending
3 16 73.6
4 18 91.1
5 19 13.1
6 14 1.0
19 15 12.0
Torsion
9 3 65.1
10 6 37.3
12 5 50.3
13 3 24.8
17 10 42.8
Longitudinal
15 21 X 315.6
18 11 9.0
21 7 247.8
*The average percent difference was calculated for each test by
taking the average value of the quantity 100 x ID, - D 2 1 /D 2
where D = 7rFXE and D = 47rxT. For each case, a few
data points showing untypically large error were excluded
from the average.
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APPENDIX A
DYNAMIC TEST DATA USED FOR DETERMINATION
OF EMPIRICAL DAMPING LAW
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/ APPENDIX B
DIGITAL COMPUTER PROGRAMS
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